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Chapter 1

Determine polynomial function
fitting experimental data

1.1 Problem

Given following samples:

Z; Yi

-5 | -6.5743
-4 1 0.9765
-3 | 3.1026
-2 | 1.8572
-1 | 1.3165
0 | -0.6144
1 | 0.1032
2 | 0.3729
3 | 2.5327
4

5)

7.3857
9.4892

We have to determine polynomial function y = f(z) that best fits this
data.
We will use least-square approximation using system of normal equation with
QR factorization.



1.2 Theoretical introduction

1.2.1 Linear Least Squares Problem

We have polynomial function:
Y(x) = apa™ + ap 12" -+ axt +ag

where n - degree of the polynomial we use to approximate function
Given matrix A € R™™ (m > n) and vector y € R™
We need to find vector % such that:

Ve e R ly — Azfl; <[y — Axlf;

Az is the vector of values of the approximating function at each data point
and y is the vector of values of data points.

We have to minimize the Euclidean norm of difference between approximation
and data points.

To obtain £ we will calculate the derrivative of error function with respect
to b, and equate it to 0. This way we will get system of equations caled
normal equations which have unique solution in form of vector z

1.2.2 Gram matrix and QR decomposition

We will use Gram’s matrix since it’s condition number tends to be pretty
high which improves the accuracy of our solution.

Gram’s matrix is a matrix of set of normal equations. The simplest way to
present normal equations is by using formula:

(B3, 1) & Zfﬁi(%‘)ﬁk(l’j)

Which then leads to following matrix A:

[¢o(z0)  d1(z0) ... dn(wo)
Po(r1)  ¢1(w1) ... Pulm1)
A= |do(x2) d1(x2) ... Pnlr2)

| bon) drlan) .. dalow)
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In our case we define matrix A as:

1 zo (z0)? ... (o)

T (m)r ..o ()"

A= 1 x5 (.Z'Q)z . (LL’Q)n
1 N ([EN)2 Ce (ZL’N)n

Where zp is the x-axis position for the N-th data point. Then we can
express system of natural equations using A in this way:

ATy = (AT A)i

With condition number of A equal to square root of condition number of
Gram’s matrix which gives us small errors. It is also usefull for QR factoiza-
tion since we can rewrite it as follows:

(RTQ")(QR): = (R'Q")y

Since determinant of R # 0 and QTQ = I we can simplify aforementioned
equation to:

Ri =Qy
And to optimize even further ahead insetead of using QR decomposition we
can use faster ()R decomposition:

Ri=(Q"Q)™(Q")

This is faster since R is an upper triangular matrix, easily solved using back-
substitution.

1.2.3 Gram-Schmidt algorithm

We will use Gram-Schmidt algorithm for QR decomposition. Gram-Schmidt
algorithm takes non-orthogonal function basis denoted as:

¢07 sy ¢n
and orthogonalizes it into orthogonal function basis denoted as:
’QZ}O, s 7¢n
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Standard Gram-Schmid algorithm looks like this:

Yo = o
<¢07 ¢1>
Pr=os (10, to) v
-1
Z (¥, ¢z
Dy TRTAA
Where ¢ = 2,...,n Then we get a very well conditioned set of normal equa-

tions:

a0<¢0>¢0> = <f7 ¢0>
G1<¢1,¢1> = <f7 ¢1>

an<wn72/)n> = <f7 2/)n>



Chapter 2

Determine trajectory of the
motion

2.1 a) Runge-Kutta method of 4 order and
Adams PC

2.1.1 Problem

We are given following equations:

dz

d_tl = 29 + 21(0.5 — 27 — 23)
dx
d_752 = —x1 + 22(0.5 — 23 — 23)

And we have to determine the trajectory of the motion on interval [0, 15]
with following initial conditions: z;(0) = 8;x2(0) = 9 In this section we will
use Runge-Kutta method of 4 order and Adams PC with different step-sizes
until we find an optimal constant step size - when the decrease of the step
size does not influence the solution significantly.

2.1.2 Theoretical Introdution

Determining the trajectory of the motion in this example can be mathe-
matically described as solving a system of first order ordinary differential
equations with given initical conditions. That is why we use Runge-Kutta
method of order 4 which deals with exactly this kind of problem.
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Runge-Kutta method of order 4

Any single step method are defined by the following formula, where h is a
fixed step-size:
Ynt1 = Yn + q)f(xm Yn, h)
where:
Ty, = o+ nh
Y(To) = Yo = Ya
where g, is given. Runge-Kutta method of order 4 - RK4 method looks like
this: )
Unt1 = Un + = (k1 + 2ko + 2k3 + k)

6
kl = f(xn; yn)
1 1
k?’ = f(xn + _hyyn + —hk’l)
2 2
1 1
ky = f(xn + §hayn + 5hk2>

ky = f(xn + h,y, + hks)

2.1.3 Adams PC method

Adams method with P, ECyE algorithm has the following form:
P:

k
i =y + hZijnfj
j=1

E:
FO = f (2, y)
C:
k
Yn = Yn—1 + hZﬂ;fnfj + hﬁf)kfi?}
j=1
E:

fn = f(xnayn)

When compared to explicit and implicit adams method PC metho has
smaller absolute stability intervals than implicit method, while having sig-
nificant advantage in calculations cost.
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2.2 b) Runge-Kutta method of 4" order with
variable step size automatically adjusted

2.2.1 Problem

We are given following equations:

d[[‘l
dx
d_t2 = —x1 + 22(0.5 — 23 — 23)

And we have to determine the trajectory of the motion on interval [0, 15]
with following initial conditions: z1(0) = 8;x2(0) = 9 In this section we will
use Runge-Kutta method of 4" order with step size automatically adjusted
by the algorithm, with error estimation made according to the step-doubling
rule.

2.2.2 Theoretical Introdution

Since Runge-Kutta method was explained in previous task I will focus on
step-doubling rule. Everytime we increase step size we receive less accurate
results at the benefit of less calculations cost, this means that we need to have
reasonable approach to setting step size to maximise accuracy and minimize
calculations cost. We will use step-doubling rule in this example.

Error estimation using step doubling-approach

For every step of size h we perform two additional steps of size % We denote:
yl as a new point obtained using the original step-size h

y2 as a new point obtained using steps of the size %

r() _ approximation error affter the single step h

r® - summed approximation errors after the two smaller steps of length }—5

each.
We have:



After a single step:

p+1(0)
L+ h) = (1) Tn—hpﬂ O(hP+2
Y+ ) =yl O

After a double step:

p+1(0) h
4 h) ~ @ 4oln Mypt1 L o(pp+2
We evaluate unknown coefficient from the first equation Tg:f?!) and insert
it into second one:
hPL (z, + h) — y(l)
— 4@ n n
y(xn + h) - yn + o hp+1 + O(hp+2>
We continue further and receive:
1 1 y2 y(l)
=@ = In I p+2
We multiply by 2,,2—: and get:
2 yg) - 97(11) 2
y(wn +h) =y +ﬁ+0(’1p+ ) (2.1)

We also obtain for first equation in a similar way:

NOBNO
y(z, +h) =yt + QP% + O(h*+?)

Assuming we take the main part of the error we get error estimate:

op

on(h) = 5w = i)

But from the equation (2.1) we can treat expression:

N
5,2 x Ly =P "I
2 2r —1

h

as en estimate of the error of two consecutive steps of size 3
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Actual correction of the step size

In general formula for main part of the approximation error where:
h - length of a step
r(0)
 (p+1)!
Looks like this:
Sn(h) = yhP*!

If we change step-size to ah then we get:
dn(ah) = y(ah)"*!
Then:
Sn(ah) = P16, (h)

We assume tolerance e:
|0, (ah)| =€

We get:
O‘p+1|5n(h)| =€

Coefficient « for the step-size correction can be evaluated in such a way:

€ )ﬁ

This method is also correct for RK4 method when &,(h) = §,(2 x 2) We
should also take into considertaion lack of accuracy we do so by using safety
factor s:

hni1 = sah,

where s < 1 For RK4 we use s =~ 0.9
We define accuracy parameters in such a way:

€= |yn|€r + €

where €, is relative tolerance and ¢, is absolute tolerance.

In case of set of more than on differential equations we must use worst case
approach so the equations that need smallest step-size define step-size for all
other equations.
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For RK methods we have following parameters:

(yi)g) - (yz‘)?(zl)

onlh)i ==

& = ()P ler + €a

T

o= i (5.,
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